The overset grid nicknamed "Yin-Yang" grid is singularity free and has quasi-uniform grid spacing. It is composed of two identical latitude/longitude orthogonal grid panels that are combined to cover the sphere with partial overlap on their boundaries. The system of shallow-water equations (SWEs) is a hyperbolic system at the core of many models of the atmosphere. In this paper, the SWEs are solved on the Yin-Yang grid by using an implicit and semi-Lagrangian discretization on a staggered mesh. The resulting scalar elliptic equation is solved using a Schwarz-type domain decomposition method, known as the optimized Schwarz method, which gives better performance than the classical Schwarz method by using specific Robin or higher order transmission conditions.
Introduction
We use a domain decomposition method to solve the system of shallow-water equations (SWEs) using the Yin-Yang grid on the sphere. In this grid system the globe is partitioned into two identical Email addresses: Abdessamad.qaddouri@ec.gc.ca (Abdessamad Qaddouri), laayouni@math.mcgill.ca (Lahcen Laayouni), loisel@math.unige.ch (Sébastien Loisel), jean.cote@ec.gc.ca (Jean Côté), gander@math.unige.ch (Martin J. Gander) .
Partially supported by the Canadian Foundation for Climate Atmospheric Science Partially supported by U.S. Department of Energy latitude/longitude orthogonal grid panels that are combined to cover the sphere with partial overlap on their boundaries, and we consider the hyperbolic problem in each subdomain over a given time interval and using the same time step.
The local solver is the same fully implicit semi-Lagrangian method as in the GEM operational model [1] : uniform Arakawa staggered C-Grid, 2-time-level iterative semi-Lagrangian scheme with in time interpolated advecting wind, iterative non-linear solver for the positive definite Helmholtz problem, iterative treatment of the Coriolis terms by grouping them with non-linear terms, and metric terms using the Lagrange multiplier approach [2] . We use the semi-Lagrangian time discretization scheme in spherical coordinates to approximate the Lagrangian derivative along particle trajectories defined by the velocity field. A finite-volume method is used for the spatial discretization. This discretization is implemented independently on each quasi-uniform lat/long part grid. The trajectories are computed for each grid panel in 3D Cartesian geometry with the restriction that the trajectories are confined to the surface of the sphere. We adopt the two-time scheme to evaluate a field on a trajectory. The value at an upstream point is determined by the cubic Lagrange interpolation either in the Yin (if this point is in Yin) or the Yang grid panel.
The implicit treatment of the terms responsible for gravity waves in the SWEs gives rise to a 2d elliptic boundary value problem that must be solved at each time step. We use here a domain decomposition method, where the solution of the global elliptic problem is obtained by iteratively solving the corresponding two subproblems separately on the Yin and the Yang grids, and updating the values at the interfaces. In recent years, much attention has been given to domain decomposition methods for solving linear elliptic problems that are based on a partitioning of the domain of the physical problem. The initial idea of the Schwarz method was given by Schwarz [3] as a method for proving existence and uniqueness of solutions in irregular domains for the Laplace equation. The method is now used as an iterative method in modern applied mathematics, see for example Quarteroni and Valli [4] . The classical alternating Schwarz method consists of solving iteratively subdomain problems and using the subdomain solutions to update the interface conditions of neighboring subdomains. Because the two subgrids of the Yin-Yang grid do not match, the update is done by cubic Lagrange interpolation and this corresponds to Dirichlet interface condition. To improve the performance of the classical domain decomposition methods we use optimized Schwarz methods, see Gander [6] and references therein.
The paper is organized as follows: in Section 2, we present the model formulation, in Section 3 the various Schwarz methods, in Section 4 numerical results and finally concluding remarks in Section 5.
Formulation
In this section we briefly review the basic ideas of the semi-Lagrangian implicit solver.
Governing equations and time discretization
The governing equations on each (Yin or Yang) subgrid are the shallow-water equations on a rotating sphere of radius . The implicit semi-Lagrangian time discretization proceeds as in Yeh et al. [1] , and is (3), the value of the various fields at an upstream point is determined by cubic Lagrange interpolation in either the Yin or the Yang grid panel.
Spatial discretization
The Yin-Yang grid in its most basic shape is shown in Fig. 1 . It has two grid components which are geometrically identical. They are combined to cover a spherical surface with partial overlap on their borders. Each component is in fact a part of the latitude-longitude grid: each component grid is defined in spherical polar coordinates by
where u 7 u ¤ £ are small buffers, which are proportional to the respective grid-spacings, required for a minimum overlap in the overset methodology. A uniform cell-integrated finite-volume discretization on a staggered Arakawa C grid is used for each subgrid to discretize equations (1)-(3). This means the arrival points at time 
The increments 
A model time step
For each subdomain, a Crank-Nicolson iteration then consists of (1) In practice we perform 2 Crank-Nicolson iterations per time step and 2 iterations in the non-linear Helmholtz problem solver.
Optimized Schwarz method
In this Section, we first show that the shallow-water equations with implicit time discretization lead to a sequence of positive definite Helmholtz problems which can be solved by domain decomposition methods. We then analyze the convergence of Schwarz domain decomposition methods with Dirichlet and Robin transmission conditions for positive definite Helmholtz problems in 1d. Finally, we present second-order transmission conditions for the 2d positive definite Helmholtz problem on the sphere with two subdomains corresponding to the Yin-Yang grid.
1d linear shallow-water equations
The governing equations are the 1d linear shallow-water equations on the circle
. This domain is divided into two overlapping subdomains. We show that the periodic solutions ( and ¥ ) of the SWEs can be obtained by updating the geopotential in the two subdomains with an optimized Schwarz method. The global solution can also be recovered when the two subdomain (scalar) grids do not match and even when there is no overlap. The generalization to 2d is straightforward.
We have chosen subdomains of identical size, but other cases could be analyzed as well. We use 
If the grids match, and this is the case analyzed here, then u 9
$ # " % is a multiple of the angular grid spacing . Periodicity, continuity and uniqueness imply
Given fields at the previous time step (¥
Convergence analysis for the periodic 1d positive definite Helmholtz problem
We now study the convergence of the Schwarz method at the continuous level, using closed form solutions in each subdomain. The novelty here is in the periodicity of the global domain and solution. The sphere is periodic in any direction and the impact of periodicity needs to be studied before the iterative Schwarz methods are applied to the Yin-Yang grid.
Iterative solution at the continuous level
To find iteratively a periodic solution of the positive definite Helmholtz problem on the circle,
The transition matrix is then obtained by considering the 2 subdomains simultaneously
Considering a double iteration, has the same eigenvalues as the reduced iteration matrix
Classical Schwarz method
By choosing the ¤ © to be equal to the identity in (21), we obtain the classical Schwarz method. This means that each subdomain is providing as boundary condition to the other the solution on There is a lack of convergence for zero overlap and slow convergence for practical overlap greater than zero but small. For these reasons, the classical Schwarz method is in general used as a preconditioner in preconditioned Krylov methods and rarely as an iterative solver by itself.
Optimized Schwarz method with Robin transmission conditions
The slow convergence of the classical Schwarz method motivates the development of optimized Schwarz methods which run at the same or at little extra cost. The improvement comes from changing the transmission conditions to include derivatives. The general form of the transmission conditions then depends on parameters that can be chosen to optimize the convergence rate. The extra cost is in the determination of the optimized parameters, but they can be precomputed once and for all for a given geometry and problem setting. . The optimized Robin coefficients obtained are the corresponding methods converge in a small number of iterations and the convergence is much better than the convergence of the classical Schwarz method. This gain more than compensates for the extra cost of computing the needed additional derivatives. Furthermore, the optimized Schwarz methods converge even without overlap between subdomains, while the classical Schwarz method stagnates in that case. Having a small overlap however between subdomains further improves the performance of the optimized Schwarz methods.
Numerical Results
We illustrate now the above developments by numerical results. We first present 1d linear results to show that the experimental results are in agreement with the theoretical prediction. Next we present passive advection and the elliptic solver in 2d. We have not yet validated the full 2d shallow-water model on the Yin-Yang grid but the necessary elements of advection and the elliptic solver have been thoroughly tested.
Linear 1d shallow-water equations on a circle
We perform numerical experiments for our linear SWEs model problem on the circle § ¡ . We compare the numerical solution against the exact discrete solution given by
where the amplitudes are simulation. The difference should be 0 at full convergence of the iterative process. It is shown that the global exact discretized periodic solution for the linear 1d SWEs is obtained by the above domain decomposition where the local solutions are not periodic. This is obtained by doing only a few communications between the two subdomains in the iterative domain decomposition solver. We note that because the 2d grids we consider are tensor products of 1d grids, the generalization of the strategy of eliminating the wind in favor of solving only a distributed elliptic problem for the geopotential to 2d is straightforward. 
2d advection on the Yin-Yang grid
We consider the "cosine bell" test problem proposed by Williamson et al. [5] . This problem is widely used to test discretizations of the global advection equation
The initial scalar distribution is defined by 
The advecting wind is given by is the orientation of the advecting wind. This solution should rotate without any change of shape. We use the semi-Lagrangian time discretization in spherical coordinates to approximate the Lagrangian derivative in (42) along the trajectories defined by the velocity field as in Côté and Staniforth [9] . The trajectories are calculated for each grid panel (Yin and Yang) in the three dimensional Cartesian geometry with the restriction that the trajectories are confined to the surface of the sphere. The value of the scalar field at an upstream point is determined by cubic Lagrange interpolation either in the Yin or the Yang grid panel. We ran two tests, where the above cosine bell is advected once around the sphere with the orientations hours) to rotate the cosine bell one full revolution around the Earth. Fig. 6 shows that there is no distortion in the shape of the bell at the end of the simulation. The bell structure is maintained in the Yin-Yang grid even where the bell passes trough the overlapped region. The time evolution of the normalized infinite error norm is presented in Fig. 7 , and as can be seen the trend and the norm are comparable to those in Jacob-Chien et al. [7] , and the norm after 12 days remains small and is equal ¡ .
2d positive definite Helmholtz problem on the Yin-Yang grid
We perform now numerical experiments for the positive definite Helmholtz equation (32) respectively and we use the same number of grid-points in both directions, i.e., used as iterative solvers. We also compare the classical Schwarz method and the above optimized Schwarz methods to zeroth and second order Taylor Schwarz methods (Côté et al., [8] ). These methods use a low frequency expansion (about 0) of the optimal parameters which are obtained through Fourier analysis. In Table 1 , we vary the grid-spacing and we compare the number of iterations of each method. We consider two situations: one with constant overlap §
¨¡
, and the other one with varying overlap § 9 , ( or £ ) , where § here measures the size of the smallest region between the two panels of the Yin-Yang grid. When the overlap is maintained constant, all the aforementioned methods converge independently of the grid size . This is a well known property of the classical Schwarz method, but it does not mean that the classical Schwarz method is optimal: also the zeroth and second order Taylor Schwarz methods and the optimized Schwarz methods have the same property, but with an order of magnitude less iterations, and this at the same cost per iteration. In Fig. 8 , we present some screen-shots of the numerical solutions computed with the second order optimized Schwarz method compared to the exact solutions in the two panels of the Yin-Yang grid.
Conclusion
In this paper, we have examined the application of Schwarz domain decomposition methods (DDM) to the solution of the shallow-water equations (SWEs) in the context of atmospheric modeling with a new horizontal grid nicknamed "Yin-Yang". We have first examined the linear SWEs in 1d. We have considered a periodic global domain and local non-periodic subdomains and solutions. It was shown that the optimized Schwarz method allowed us to recover the periodic solution of the linear SWEs with high accuracy. The convergence analysis of the 1d optimized Schwarz method yielded a practical formula for the optimized coefficients in the transmission conditions. The 2d case of the elliptic solver on the sphere for the Yin-Yang grid was treated numerically. We have shown that specific transmission conditions based on a linear combination of the function, its normal and second-order tangential derivatives yielded a dramatic improvement of the conver-gence rates. The use of optimized Schwarz methods on the Yin-Yang grid is new. We have not yet validated the full 2d SWEs model on the Yin-Yang grid, but 2d passive semi-Lagrangian advection has been thoroughly tested for this grid. The 2d semi-Lagrangian advection scheme maintains the bell structure in the Yin-Ying grid even when the bell passes through the overlap region, and the distribution goes from one panel to the other. The normalized maximum error remains very small even after 12 days of evolution. In future work, we will complete the validation of the SWEs with the Yin-Yang grid using a real data case (case number 7) of Williamson et al. [5] . We will also study how to accelerate optimized Schwarz methods with Krylov methods, like it is done for classical Schwarz methods in general. Finally, an interesting and more involved question is the extension of the present study to three dimensions.
